We study the singularities of parahoric local models and hence of the corresponding integral models of Shimura varieties and moduli stacks of shtukas. We show the normality and, if p > 2, also the Cohen-Macaulayness of all Pappas-Zhu and Levin mixed characteristic local models, and of all equal characteristic local models attached to groups whose absolutely simple factors are tamely ramified. This proves a conjecture of Pappas and Zhu. Along the way, we prove that all Schubert varieties for such groups are normal and all local models have reduced special fiber, and that both Schubert varieties and local models are invariant under passing to the adjoint group.
Introduction
Parahoric local models are flat projective schemes over a discrete valuation ring which are designed to model theétale local structure in the bad reduction of Shimura varieties [KP] or moduli stacks of shtukas [AH] with parahoric level structure. Thus, local models provide a tool to study the singularities appearing in the reduction of these spaces. The subject dates back to early 1990's, starting with the work Deligne-Pappas [DP94] , Chai-Norman [CN90, CN92] and de Jong [dJ93] , and formalized in the book of Rapoport-Zink [RZ96] . For further details and references, we refer to the survey of Pappas, Rapoport and Smithling [PRS13] .
The simplest example is the case of the classical modular curve X 0 (p) with Γ 0 (p)-level structure. In this case, the local model is a P 1 Zp blown up in the origin of the special fiber P 1 Fp . This models the reduction modulo p of X 0 (p), which is visualized as the famous picture of two irreducible components crossing transversally at the supersingular points.
In a breakthrough, a group theoretic construction for parahoric local models in mixed characteristic was given by Pappas-Zhu [PZ13] : fix a local model triple (G, {µ}, K) where G is a reductive group over Q p , K ⊂ G(Q p ) is a parahoric subgroup and {µ} is a (not necessarily minuscule) geometric conjugacy class of one-parameter subgroups in G. Under a tamely ramified hypothesis on G which was further relaxed by Levin [Lev16] , Pappas and Zhu construct a flat projective Z p -scheme M {µ} = M (G,{µ},K) called the (parahoric) local model. Assume now that p does not divide the order of π 1 (G der ), e.g., the case G = PGL n and p | n is excluded. Then it is shown in [PZ13] (cf. also [Lev16] ) that M {µ} is normal with reduced special fiber. Further, they conjecture that M {µ} is Cohen-Macaulay, cf. [PZ13, Rmk. 9.5 (b) ]. This conjecture was proven in [PZ13, Cor. 9 .4] when K is very special (in which case the special fiber of M {µ} is irreducible), and by He [He13] when the group G is unramified, K is an Iwahori subgroup and {µ} is minuscule. Also some explicit special cases were treated earlier by Görtz (unpublished) following the method outlined in [Go01, 4.5 .1].
The purpose of this article is to show for a general local model triple (G, {µ}, K) as above, with no restrictions on p whatsoever, that M {µ} is normal with reduced special, and if p > 2, also that M {µ} is Cohen-Macaulay, cf. Theorem 2.3 below. In particular, we obtain the Cohen-Macaulayness of M {µ} for all not necessarily minuscule {µ}; this answers a question of He, and seems to be new even in the case of G = GL 2 . We note that non-minuscule cases are also interesting for mixed characteristic in view of Scholze's conjectural theory of diamond local models [SW, Lecture XXV]. Theorem 2.3 also seems to be the first Cohen-Macaulayness result which applies to ramified groups and Iwahori level structure.
Our proof of normality follows the original argument of [PZ13] relying on the Coherence Conjecture proven by Zhu [Zhu14] . Here we use recently developed methods of the authors [HRa] to effectively remove the hypothesis p ∤ |π 1 (G der )|. The proof of the Cohen-Macaulayness of M {µ} is very different from the approaches in [Go01, 4.5 .1] and [He13] . Here we reduce the problem first to equal characteristic where we can use the result [Zhu14, Thm. 6.5] (which assumes p > 2) to apply the powerful method of Frobenius splittings on the whole local model. This reduces us to the situation of a scheme over a finite field whose complement along some divisor D is Cohen-Macaulay, and which is Frobenius split relative to D. Surprisingly (at least for the authors), the Cohen-Macaulayness at points lying on D then follows from a very nice homological algebra lemma which we found in the work of Blickle-Schwede [BS13, Ex. 5.4] (cf. Proposition 6.5 below).
Main results
We now formulate our main results Theorem 2.1 and Theorem 2.3 in two sections, corresponding to the structure of the article.
2.1. Normality of Schubert varieties. Let k be an algebraically closed field, and let F = k((t)) denote the Laurent series field. Let G be a connected reductive F -group. Let f , f ′ ⊂ B(G, F ) be facets of the Bruhat-Tits building. Let G f (resp. G f ′ ) be the associated parahoric O F -group scheme. The loop group LG (resp. L + G f ) is the functor on the category of k-algebras R defined by LG(R) = G(R((t))) (resp. L + G f (R) = G f (R[[t]])). Then L + G f ⊂ LG is a subgroup functor, and the twisted affine flag variety is theétale quotient
which is representable by an ind-projective k-ind-scheme. Associated with an element w ∈ LG(k), we define the (f ′ , f )-Schubert variety S w = S w (f ′ , f ) ⊂ Fℓ G,f as the reduced L + G f ′ -orbit closure of w · e where e ∈ Fℓ G,f denotes the base point.
The adjoint group G ad is of the form j∈J Res Fj /F (G j ) where J is a finite index set, F j /F are finite separable field extensions, and G j are absolutely simple adjoint F j -groups.
Theorem 2.1. Assume that all absolutely simple factors G j split over a tamely ramified extension (e.g. char(k) ≥ 5, see Remark 3.10 below ). Then, for each w ∈ LG(k) and any facets f , f ′ ⊂ B(G, F ), the (f ′ , f )-Schubert variety S w is a projective k-variety which is normal, Cohen-Macaulay, with only rational singularities, and Frobenius split if char(k) > 0.
Normality of Schubert varieties has a long history, and we refer the reader to the introduction of [HRa] for further references in the split case. For split simply-connected semisimple groups G, Theorem 2.1 follows from results of Faltings [Fal03] . For tamely ramified groups G, Theorem 2.1 is due to Pappas-Rapoport [PR08, Thm 6.1] whenever p ∤ |π 1 (G der )|, where p = char(k). So if p = 0, one needs no restrictions on G. As a prerequisite for Theorem 2.3 below we need to show that, if p > 0, one can remove the hypothesis p ∤ |π 1 (G der )|, and weaken the hypothesis on the tame ramification in [PR08, Thm˙6.1], so that we get the result stated in Theorem 2.1. In order to obtain the normality of Schubert varieties in general, it remains to treat the case where p is either 2 or 3 and the group G is absolutely simple adjoint and wildly ramified; cf. Remark 3.10 below for a list of the remaining cases.
As a consequence of Theorem 2.1, we obtain the following result which is useful in reducing properties of Schubert varieties to the case of absolutely simple groups. For example, the result is used in this way in [HRd] , in which the authors classify smooth and rationally smooth Schubert varieties in twisted affine Grassmannians attached to tamely ramified groups.
For the definition of S w ′ we use that the facets correspond bijectively to each other under the map of buildings B(G, F ) → B(G ′ , F ). The proof of Corollary 2.2 is given in §3.6 below.
2.2.
Applications to the geometry of local models. We introduce temporary notation for use within §2.2.
Let p ∈ Z >0 be a prime number. Let F be a non-archimedean local field with ring of integers O F and finite residue field k = k F of characteristic p, i.e. either F/Q p is a finite extension or F ≃ k((t)) is a local function field. We fix a separable closureF /F . We fix a triple (G, {µ}, G f ) where G is a connected reductive F -group, {µ} a (not necessarily minuscule) conjugacy class of geometric cocharacters defined over a finite separable extension E/F , and G f is a parahoric O F -group scheme associated with some facet f ⊂ B(G, F ).
We put the following assumption on G. If F/Q p , we assume that G ≃ Res K/F (G 1 ) where K/F is a finite, totally ramified extension, and G 1 is a connected reductive K-group which splits over a tamely ramified extension. If F ≃ k((t)), we assume that the adjoint group G ad ≃ i∈I Res Fi/F (G i ) satisfies the assumption of Theorem 2.1 above, i.e., each absolutely simple factor G i splits over a tamely ramified extension of F i .
Attached to the triple (G, {µ}, G f ) is the flat projective O E -scheme
called the (flat) local model. It is defined in [PZ13, Lev16] (cf. also [HRc, §4] ) if F/Q p , and in [Zhu14, Ri16] if F ≃ k((t)). The generic fiber is the Schubert variety in the affine Grassmannian of G/F associated with the class {µ}. The special fiber is equidimensional, but not irreducible in general, and is equipped with a closed embedding ii) The local model M = M {µ} is normal and, if p > 2, also Cohen-Macaulay with dualizing sheaf given by the double dual of the top differentials
is the dimension of the generic fiber.
Remark 2.4. In view of the results in [KP] (resp. [AH, §3] ) the corresponding integral models of Shimura varieties (resp. moduli stacks of shtukas) with parahoric level structure are normal and Cohen-Macaulay as well. For the Cohen-Macaulayness we again need to assume p > 2, but in [KP] this is a standing assumption anyway. It would be interesting to clarify the situation when p = 2 for both Shimura varieties and moduli spaces of shtukas.
For i), the inclusion A(G, {µ}) ⊆ M {µ} ⊗ kEk was proved as part of [HRc, Thm. 5 .14] (where in fact we showed that these schemes agree on reduced loci). Here we prove the opposite inclusion by following the original argument of Pappas-Zhu, using as a key input the Coherence Conjecture proved by Zhu [Zhu14] (cf. also [PZ13, §9.2.2, (9.19)]). Here the application of the Coherence Conjecture is justified by Theorem 2.1, cf. §5.1.2 for details.
For ii), the normality of M {µ} is an immediate consequence of i), as explained in [PZ13, Prop. 9.2]. As mentioned above, the Cohen-Macaulayness of M {µ} can be deduced from Proposition 6.5 below combined with the well-known theorem of Zhu [Zhu14, Thm. 6.5] which is also the key to the Coherence Conjecture. In particular, our method avoids using any finer geometric structure of the admissible locus A(G, {µ}) as for example in [Go01, §4.5.1] or [He13] .
As a consequence of Theorem 2.3 i), we obtain that the local model is invariant under passing to the adjoint group, which refines the result [KP, Prop. 2.2.4] and also generalizes it to encompass the Levin local models.
Corollary 2.5. Let (G, {µ}, G f ) be as above, and let G → G ad be the adjoint group. Then the induced map on local models
Here {µ ad } denotes the conjugacy class of geometric cocharacters in G ad induced by {µ ad }, and E ad /F denotes its reflex field which is naturally a subfield of E. We remark that Corollary 2.5 implies that the modified local models of [HPR, §2.6] agree with the (non-modified) local models. The proof of Corollary 2.5 is given in §5.3 below.
3.1.1.
Step 1. AsW acts transitively on the set of alcoves in A (G, S, F ), there exists an n ∈ N (F ) such that n · f ′ and f are contained in the closure of the same alcove. Further, left multiplication by n on Fℓ G,f induces an isomorphism
where we use that S n·w (n · f ′ , f ) denotes the reduced orbit closure of n · w ∈ LG(k) under the group L + G n·f ′ = nL + G f ′ n −1 . Hence, we may assume the facets f , f ′ are in the closure of a single alcove a ⊂ A (G, S, F ).
3.1.2.
Step 2. By [HR08, Prop 8], there exists a unique element w 0 ∈W such that 
3.1.4.
Step 4. The class of w inW can be written uniquely in the form τ · w af with w af ∈ W af , τ ∈ Ω. Left multiplication by any liftτ ∈ N (F ) induces an isomorphism of Schubert varieties Sẇ af (a, f ) = S w (a, f ). Hence, we reduce to the case where τ = 1, i.e., w = w af ∈ W af . This means
3.1.5.
Step 5. We claim that Theorem 2.1 holds for all Schubert varieties S w (a, f ), w ∈ N (F ) if Theorem 2.1 holds for all Schubert varieties S w (a, a), w ∈ N (F ). Consider the projection π : Fℓ a → Fℓ f which is representable by a smooth projective morphism, by [HRb, Lem. 4 .9]. Then π −1 (S w (a, f )) = Sẇ 0 (a, a) where w 0 ∈ wW f denotes the longest element. Thus, we obtain a smooth projective morphism p : Sẇ 0 (a, a) → S w (a, f ). The claim follows now along the lines of the analogous proof in the case of a split group, cf. [HRa, Lem 4.1]. For the reader's convenience, we recall the outline of the proof. We are assuming that Sẇ 0 (a, a) is normal, that Sẇ 0 (a, a) is Frobenius-split if char(k) > 0, and that the Demazure resolution π w0 : D(w 0 ) → Sẇ 0 (a, a) is a trivial resolution in the sense of [ In the course of proving f above is trivial, we use the lemma below in place of [HRa, Lem. 4 .2], since the proof of the latter was only valid for split groups.
Lemma 3.1. Let w ∈W be right f -minimal. Then the natural map As w is assumed to be right f -minimal, we have l(w · w 0 ) = l(w) + l(w 0 ), and standard properties of partial Demazure resolutions show that π is an open immersion. We claim that both projections pr 1 and pr are smooth and surjective; in that case [StaPro, 02K5] shows that the morphism BwB/B → BwP/P is smooth as well. The assertion for both pr and pr 1 results from the following general lemma applied with P = "smooth" (usingétale descent [StaPro, 02VL] Lemma 3.2. Let S be a scheme. Let X, Y beétale sheaves on AffSch/S (affine schemes equipped with a map to S), and let G be anétale sheaf of groups over S. Suppose X (resp. Y ) carries a right (resp. left ) G-action such that G acts freely on X. Let P be a property of maps of algebraic spaces which is stable under base change, and which isétale local on the target. If Y → S is an algebraic space (resp. and has property P), then the canonical projection pr 1 : X × G Y → X/G is representable (resp. and has property P).
Proof. We claim that there is a Cartesian diagram ofétale sheaves
where X → X/G and X × Y → X are the canonical projections. The claim implies the representability of pr 1 by [LMB00, Cor. (1.6.3)] applied to the epimorphism X → X/G using that it is obvious for X × Y → X (cf. [LMB00, Rem. (1.5.1)]). Also this shows that if Y → S has property P, then pr 1 has property P. To prove the claim we note that the map
is an isomorphism ofétale sheaves. This is elementary to check using the freeness of the G-action on X.
Corollary 3.3. If the statement of Theorem 2.1 holds for the Schubert varieties S w (a, a) for all maximal split F -tori S ⊂ G, one choice of alcove a ⊂ A (G, S, F ) and all w ∈ W af , then Theorem 2.1 holds for the Schubert varieties
Proof. The corollary is immediate from Steps 1-5 above. Note that it is enough to show Theorem 2.1 for a single alcove a ⊂ A (G, S, F ) because W af acts (simply) transitively on these alcoves.
Normality reduction.
Let S ⊂ G be a maximal F -split torus, and let a ⊂ A (G, S, F ) be an alcove. As above we have the Iwahori-Weyl groupW = W af ⋊ Ω. 3.3. Adjoint reduction. Let G → G ad be the adjoint group. The images S ad ⊂ T ad ⊂ G ad of S ⊂ T are a maximal F -split torus contained in a maximal torus. This induces a map on apartments A (G, S, F ) → A (G ad , S ad , F ) under which the facets correspond bijectively to each other. We denote the image of a by the same letter. The map G → G ad extends to a map on parahoric group schemes G := G a → G ad,a =: G ad , and hence to a map on twisted affine flag varieties Fℓ G,a → Fℓ G ad ,a . We are interested in comparing their Schubert varieties.
There is a natural map on Iwahori-Weyl groups
which is compatible with the action on the apartments A (G, S, F ) → A (G ad , S ad , F ). For w ∈W denote by w ad ∈W ad its image. As the map Fℓ G,a → Fℓ G ad ,a is equivariant compatibly with the map L + G → L + G ad , we get a map of projective k-varieties
Proposition 3.5. For each w ∈ W af , the map (3.2) is a finite birational universal homeomorphism.
In particular, the map is an isomorphism if S w ad is normal.
We need some preparation. The Iwahori-Weyl groups are equipped with a Bruhat order ≤ and a length function l according to the choice of a.
Lemma 3.6. The mapW →W ad induces an isomorphism of affine Weyl groups compatible with the simple reflections, and thus compatible with ≤ and l.
Proof. LetW sc be the Iwahori-Weyl group associated to the simply connected cover ψ : G sc → G der and the torus S sc := ψ −1 (S ∩ G der ) o . By [BT84, 5.2.10],W sc can be identified with the affine Weyl group for (G, S, a) as well as (G ad , S ad , a), cf. also [HR08, Prop. 13].
Corollary 3.7. For each w ∈ W af , the mapW →W ad induces a bijection
Proof. Letẇ = s 1 · . . . · s n be a reduced decomposition into simple reflections. By Lemma 3.6, the decompositionẇ ad = s 1,ad · . . . · s n,ad is a reduced decomposition of w ad . Let π w :
where the vertical maps are birational and isomorphisms onto the open cells. Hence, it is enough to show that D(ẇ) → D(ẇ ad ) is an isomorphism. By induction on l(w) = n, we reduce to the case w = s (and hence w ad = s ad ) is a simple reflection. In this case, π w and π w ad are isomorphisms, and we have to show that P 1 k ≃ S w → S w ad ≃ P 1 k is an isomorphism. The crucial observation is now that the map G a → G a ad on Bruhat-Tits groups schemes is the identity on the O F -extension of the root subgroups (cf. [BT84, 4.6.3, 4.6.7]). Hence, the map S w → S w ad restricted to the open cells is the identity. The lemma follows.
Proof of Proposition 3.5. All L + G-orbits (resp. L + G ad -orbits) in S w (resp. S w ad ) correspond under the map S w → S w ad bijectively to each other, cf. Corollary 3.7. Hence, Lemma 3.8 implies that the map S w → S w ad is birational and bijective on k-points. As being quasi-finite and proper implies finite, the map in question must be finite. To see that the map is a universal homeomorphism consider the commutative diagram of k-schemes
where the vertical maps are the normalization morphisms. By [PR08, 9.7 a)], the vertical maps are birational universal homeomorphisms. In particular, the mapS w →S w ad is a birational bijective proper, hence finite, morphism of normal varieties, and therefore it is an isomorphism. This shows that the map S w → S w ad is a universal homeomorphism, and the proposition follows.
3.4. Absolutely simple reduction. If G is an adjoint group, then there is a finite index set J, and an isomorphism of F -groups
where each F j /F is a finite separable extension, and each G j is an absolutely simple adjoint F jgroup. It is enough to treat the following two cases separatedly. 
. This gives an equality on loop groups L + G a = L + G ′ a resp. LG = LG ′ . Hence, there is an equality on twisted affine flag varieties Fℓ G,a = Fℓ G ′ ,a under which the Schubert varieties correspond to each other.
3.5. Conclusion of reduction steps. We fix an F -group G, and a maximal F -split torus S ⊂ G. We also fix an alcove a ⊂ A (G, S, F ) which we are allowed to change if necessary, cf. Corollary 3.3. We denote byW = W af ⋊ Ω the associated Iwahori-Weyl group. In view of §3.1- §3.4, it is enough to show the following result in order to prove Theorem 2.1: Theorem 3.9. Assume that G is absolutely simple adjoint and splits over a tamely ramified extension. Then, for each w ∈ W af , the Schubert variety S w = S w (a, a) is normal.
Remark 3.10. The reductions in §3.1- §3.4 did not use the hypothesis that G splits over a tamely ramified extension. Hence, in order to obtain Theorem 2.1 for all groups, including wildly ramified groups for small primes, one can always reduce to absolutely simple adjoint groups. Looking at the tables in [Ti77, §4.1-4.2], one is left with the following finite list of cases in characteristic 2 and 3:
• char(k) = 2: i) name B-C n for n ≥ 3 (unitary groups in dimension 2n); ii) name C-B n for n ≥ 2 (orthogonal groups in dimension 2n + 2); iii) name C-BC n for n ≥ 1 (unitary groups in dimension 2n + 1); iv) name F I 4 (twisted E 6 ); • char(k) = 3: name G I 2 (twisted D 4 , "triality").
The proof of Theorem 3.9 is indirect, and has the following two main ingredients:
i) Lifting S w to a scheme S w over the Witt vectors of k (cf. §4.1).
ii) Proving the normality of S w (cf. §4.4), and deducing the normality of S w (cf. Lemma 4.4).
This general strategy of deducing the normality of Schubert varieties in positive characteristic from the result in characteristic zero is due to Faltings [Fal03] and Pappas-Rapoport [PR08] . In [HRa] , we showed how to adjust the arguments to treat general Chevalley groups over the integers, thereby removing the hypothesis p ∤ |π 1 (G der )|. In the following, we will prove Theorem 3.9, and thereby Theorem 2.1. Our proof makes use of the normality of Schubert varieties for simply connected, absolutely simple, tamely ramified groups proven in [PR08, Thm 6.1].
3.6. Proof of Corollary 2.2 assuming Theorem 2.1. Before we proceed with the proof of Theorem 2.1, we explain the proof of Corollary 2.2, which is an easy consequence of the theorem. Let G → G ′ be a central extension. Then G ad = G ′ ad , so that the assumption on G is satisfied if and only if the assumption on G ′ is satisfied. Further, the corollary for G → G ′ follows once we know the corollary for G → G ad and G ′ → G ′ ad . Without loss of generality, we reduce to the case where G → G ′ = G ad is the canonical map to the adjoint group. As in §3.1, we reduce to the case f ′ = a and w ∈ W af . Denote by w 0 (resp. w 0,ad ) the maximal length representative in the coset
where a ad , f ad ⊂ B(G ad , F ) denote the corresponding facets. The vertical maps areétale locally trivial fibrations with typical fiber
Lem. 4.9]), and thus the diagram is Cartesian. The top arrow is an isomorphism by Proposition 3.5 using the normality of S w 0,ad (a ad , a ad ) (for which we use Theorem 2.1 applied to G ad ). Since being an isomorphism is fpqc local on the base [StaPro, 02L4] , the bottom arrow is an isomorphism as well. This proves the corollary.
Liftings of Schubert varieties over the Witt vectors
In §4.1, we lift the loop groups, and the twisted affine flag varieties, to the Witt vectors of the base field k, and then we discuss the negative loop group in this setting, cf. §4.2. This is used in §4.3 to lift certain sections from the flag variety of an adjoint group to the flag variety of a suitable central extension.
Tame liftings.
Let G be an absolutely almost simple tamely ramified F -group, and assume that G is it has the same splitting field as its simply connected group (or its adjoint group). We follow the presentation in [PR08, §7] 2 . Let F ′ /F be the tamely ramified splitting field of G. The extension F ′ /F is a cyclic Galois extension of degree e = 1, e = 2 or e = 3, cf. [PR08, §7]. We fix a uniformizer u ∈ F ′ such that u e = t, and a generator τ = Gal(F ′ /F ). We have τ u = ζ · u where ζ is a primitive e-th root of unity.
Fix a Chevalley group H over Z together with an isomorphism G ⊗ F F ′ = H ⊗ Z F ′ compatible with splittings on both sides. The splitting for G over F is denoted (G, B, T, X), and for H over Z it is denoted (H, B H , T H , X H ). Here T ⊂ G is the centralizer of the maximal F -split torus S as above. Recall that we fixed an alcove a ⊂ A (G, S, F ).
The automorphism id⊗τ on Res where we refer to the discussion below (4.5) for the second equality. We now lift (4.1) and (4.2) to the Witt vectors. Assume now that k is of characteristic p > 0, and denote by W = W (k) the ring of Witt vectors together with the natural map W → k. Let K = Frac(W ) be the field of fractions. Following the arguments in [ = G, and Lemma 4.1 below shows that it is affine as well. We define G := G ⊗ W ((t)), and H := H ⊗ W ((u)) = H ⊗ Z W ((u)). We have by base change
and since W ((u))/W ((t)) isétale the latter is a reductive group scheme over W ((t)) (with connected fibers). 
is defined on the bottom of p. 187. We observe the following: if we start from G # := G ⊗ W [[t]],t →p W , which is a parahoric group scheme in mixed characteristic, and apply the construction of Pappas-Zhu [PZ13, Thm. 4.1] to it, then we recover the group scheme G. We use along the way that there is a canonical identification Let w ∈ W af . As in [PR08, §9.e], the constructions above can be used to lift the Schubert varieties S w over k to Schubert varieties S w over the Witt vectors, as follows. For any reduced decomposition w = s 1 · . . . · s q , we define S w as the scheme-theoretic image of the Demazure map (4.6)
where B := L + W G and each P i := L + W G fi for the facet f i ⊂ A (G, S, F ) in the closure of a which corresponds to s i , cf. Remark 4.2. Then S w is a projective W -scheme. This is a formal consequence Lemma 4.3 because the source of the map (4.6) is a smooth projective W -scheme (it is an iterated bundle of the schemes P i /B = P 1 W ). In particular, it is quasi-compact so that the map (4.6) factors through some closed subscheme of its target, showing that the scheme-theoretic image is well-defined. Further, one has a closed immersion S w ֒→ S w ⊗ k.
Lemma 4.4. Assume that for each w ∈ W af , the scheme S w is normal. Then the special fiber S w ⊗ k is also normal and agrees with the Schubert variety S w which is therefore normal as well.
Proof. As in [PR08, Prop 9.11] (see also the proof of [HRa, Lem. 3.3.]), the normalizationS w → S w (resp.S w → S w ) identifies with the Stein factorization of (4.6), and therefore the formation ofS w commutes with base change, so thatS w ⊗ k =S w . Hence, ifS w → S w is an isomorphism, theñ S w =S w ⊗ k = S w ⊗ k is normal. As we haveS w → S w ֒→ S w ⊗ k each of these maps is an isomorphism.
In the following, we will prove that S w is normal. Note that we already know that its generic fiber S w ⊗ K is normal because it is a Schubert variety in characteristic 0.
4.2.
The negative loop group. We continue with the same notation and assumptions. The base point 0 ∈ A (H, T H , F ′ ) defined by H ⊗ Z O F ′ is invariant under the Galois group, and defines a special point also denoted 0 ∈ A (G, S, F ) (because by construction σ 0 preserves the splitting (G, B, T, X)). After conjugation by an element in W af , we may assume that the alcove a contains 0 in its closure, and lies in the chamber defined by the Borel B H . Recall that we are allowed to change the alcove within the standard apartment by §3.1.1.
We adapt the notion of the negative loop group from [ We now want to descend the result.
H,W through the automorphism σ 0 . The lemma follows from the definition (4.7).
We define the twisted strictly negative loop group as 
where the horizontal maps are given by multiplication, and the vertical maps are the canonical closed immersions. As the top arrow is an open immersion by Lemma 4.5, the bottom arrow is an open immersion as well. The corollary now follows from (4.5), (4.8) by passing to connected components.
Lifting sections.
We continue with the same notation. In addition, assume that G is adjoint. We consider the simply connected cover G sc → G, and define G ′ := G sc × Z T → G ′ ad = G where Z denotes the center of G sc and T is a maximal torus of G sc containing a maximal F -split torus S ⊂ G sc .
We also have H sc (resp. Proof. This is immediate from the construction.
As a consequence of the Lemma 4.8 and (4.3), the maps G sc ⊂ G ′ → G determine maps G sc → G ′ → G. Thus, we also obtain maps on the associated affine flag varieties over W , and the negative loop groups. We need the following lemma for the proof of Proposition 4.10 below.
Lemma 4.9. For the positive loop group
i.e., the σ-invariants are automatically fiberwise connected for simply connected groups.
Proof. By the discussion below (4.5), it is enough to show that In particular, f is a monomorphism 4 . Now fix as in (4.6) a reduced decompostion w = s 1 · . . . · s q . As G sc → G ′ induces the identity on derived groups, one has P sc,i /B sc = P ′ i /B ′ in the notation of (4.6) for each of the corresponding parahoric subgroups attached with G sc resp. G ′ . In particular, the attached Demazure schemes agree. By functoriality of the scheme-theoretic image, we obtain a morphism on Schubert schemes over W S sc,w → S ′ w for G sc resp. G ′ . As f is a monomorphism, this map is a monomorphism as well. As both schemes are proper, it must be a closed immersion, cf. [StaPro, 04XV] . As both schemes are irreducible and reduced of the same dimension q + 1, it is an isomorphism. This shows i). Part ii) is immediate from Corollary 4.7 and Lemma 4.11 below.
Lemma 4.11. The map of functors
Proof. Note that for the unipotent radicals we have the equality U op
torsor, and hence smooth by construction. It follows that the induced map (4.9) 
is a special case of the formal smoothness of (4.9). 4.4. End of Proof. In this section we will finish the proof of Theorem 3.9. We continue with the same notation and assumptions as above; in particular G is an adjoint group. Note that the map G sc → G identifies the Iwahori-Weyl group of G sc with the affine Weyl group W af . Hence, for each w ∈ W af , we obtain a map on the (a, a)-Schubert varieties over the Witt vectors for which it is enough to construct a ring theoretic section β to α (as in loc. cit. use that α is a finite ring extension, and that α[ 1 /p] is an isomorphism). To construct the section β, we regard S w,sc = S ′ w as a Schubert variety inside L W G ′ /L + W G ′ via Proposition 4.10 i). Now the formal smoothness of L W G ′ /L + W G ′ → L W G/L + W G proven in Proposition 4.10 ii) makes the lifting argument given in [HRa, (5.12 )] work the same way for the construction of β: there is a ring extension
where the target is the completed local ring of the Demazure scheme (4.6) at the base point of the special fiber, and we define the ideals I n := A ∩ (T 1 , . . . , T q ) n+1 . Clearly, for every n ≥ 0 the quotient A n := A/I n is p-torsionfree, one has I 2 n ⊂ I n+1 and ∩ n≥0 I n = {0} (Krull's intersection theorem). As in loc. cit. Chevalley's lemma implies now that A is complete with respect to the topology defined by {I n } n≥0 . This provides us with a commutative diagram
where e denotes the base point. The existence of the dotted arrow is justified by Proposition 4.10 ii). As each A n is p-torsionfree, and as (4.10) is an isomorphism in generic fibers, the lift factors as colim n≥0 Spec(A n ) → S sc,w → S w . By algebraization, we obtain the desired section Spec(A) → S sc,w , i.e.,
For further details we refer the reader to [HRa, Proof of Proposition 5.1]. This implies the proposition.
Now we can finish the proof of Theorem 3.9 which also implies Theorem 2.1 as argued above.
Proof of Theorem 3.9. By [PR08, 9.g], we know that S w,sc is normal. Thus, by Proposition 4.12 we conclude that S w is normal as well. It follows from Lemma 4.4 that its special fiber S w ⊗ k = S w is normal as well. This proves the theorem.
5.
Reducedness of special fibers of local models 5.1. Weil restricted local models in mixed characteristic. We now switch back to the notation of §2.2. We first treat the case where F/Q p is a mixed characteristic local field. Recall that in this case we are assuming G = Res K/F (G 1 ) where K/F is a totally ramified, finite extension with residue field k of characteristic p > 0, and G 1 is a tamely ramified connected reductive K-group. We fix a uniformizer ̟ ∈ K, and let Q ∈ O F [u] be its minimal polynomial (an Eisenstein polynomial). The reader who is only concerned with Pappus-Zhu local models may take K = F and G 1 = G throughout this discussion. Under the identification B(G, F ) = B(G 1 , K) (cf. [HRc, Prop. 4 .6]), the facet f corresponds to a facet denoted f 1 . We denote by G 1 = G f1 the parahoric O K -group scheme of G 1 associated with f 1 . Then G := Res OK /OF (G 1 ) is the parahoric O F -group scheme of G associated with f , cf. [HRc, Cor. 4 .8]. We let A 1 ⊂ G 1 be a maximal K-split torus whose apartment A (G 1 , A 1 , K) contains f 1 . 
We let A 1 ⊂ G 1 be the split O F [u ± ]-torus extending A 1 ⊂ G 1 . By [PZ13, §4.1.3], the isomorphism (5.1) induces identifications of apartments (5.2) A (G 1 , A 1 , K) ≃ A (G 1,κ((u)) , A 1,κ((u)) , κ((u))), for κ = k, F . We denote by f 1,κ((u)) the facet corresponding to f 1 . By [PZ13, Thm. 4.1] (cf. also [Lev16, Thm. 3.3.3]), there exists a unique O F [u]-group scheme G 1 with the following three properties: a) the restriction of
]-group scheme associated with the facet f 1,κ((u)) under (5.2) for κ = k, F . Note that the group scheme G 1 is already uniquely determined by property a) and property c) with κ = F by [PZ13, 4.2.1]. Following [Lev16, Def 4.1.1] (see also [HRc, §4.4] for how this fits into the general picture of Beilinson-Drinfeld Grassmannians), we define the symbol Gr G to be the functor on the category of O F -algebras R given by the isomorphism classes of tuples (F , α) with
where F 0 denotes the trivial torsor. If Q = u − ̟, i.e., K = F , then Gr G is the BD-Grassmannian defined in [PZ13, 6.2.3; (6.11)]. Informally, we think about Gr G as being the Beilinson-Drinfeld Grassmannian associated with the parahoric O F -group scheme G. By [Lev16, Thm. 4.2.11] (cf. also [HRc, Thm. 4 .16]), the functor Gr G is representable by an ind-projective ind-scheme over O F . Its generic fiber is canonically isomorphic to the usual affine Grassmannian Gr G formed using the parameter z := u − ̟ ∈ K[u]. Its special fiber is canonically isomorphic to the twisted affine flag variety Fℓ G ♭ ,f ♭ where we denote
Informally, we think about the k((u))-group G ♭ as being a connected reductive group of the "same type" as the K-group G 1 . By the discussion above, it is equipped with an identification of apartments A (G ♭ , A ♭ , k((u))) = A (G 1 , A 1 , K) where A ♭ := A 1 ⊗ k((u)).
Recall we fixed a conjugacy class {µ} of geometric cocharacters in G with reflex field E/F . This defines a closed subscheme Gr 
By definition, the local model is a reduced flat projective O E -scheme, and equipped with an embedding of its special fiber
We now define the admissible locus A(G, {µ}) ⊂ Fℓ G ♭ ,f ♭ ⊗ kk . Recall from [HRc, §5.4 ] that there are identifications of Iwahori-Weyl groups
Then the admissible locus A(G, {µ}) is defined as the union of the ( Let L det be the determinant line bundle on the target, and denote by L := ad * (L det ) its pullback. Let LF (resp. Lk) denote the restriction of L to the geometric generic (resp. geometric special) fiber Gr G,F = Gr G,F = [K:F ] Gr G1,F (resp. Gr G,k = Fℓ G ♭ ,f ♭ ⊗k). Using Theorem 2.1 (resp. Corollary 2.2) the Coherence Conjecture [Zhu14] implies the following lemma (see also [Lev16, Thm. 4.3 .2]). Proof. The proof is similar to the method of [PZ13, §9] (resp. [Lev16, Thm. 4.3.2]) invoking Theorem 2.1. We recall the strategy for convenience which is based on the following principles: a) If the lemma holds for the adjoint group G 1,ad , then the lemma holds for G 1 . b) If the lemma holds for two tamely ramified K-groups G 1 , G 2 , then the lemma holds for their product G 1 × G 2 , and similarly for Weil restrictions of scalars (see comments below). c) If G 1 is an absolutely simple, adjoint, tamely ramified K-group, then the lemma follows from [Zhu14] .
Clearly, steps a)-c) imply the lemma. Also we note that since 5.3) ) induces a map of Beilinson-Drinfeld Grassmannians
which factors the map ad. Thus, the line bundles L ad and L correspond to each other under pullback. Also the geometric generic (resp. geometric special) fiber of (5.5) is the canonical map on usual affine Grassmannians overF (resp. usual twisted affine flag varieties overk). Invoking Corollary 2.2, we see that
because these schemes are Schubert varieties, resp. unions of Schubert varieties. Here {µ ad } denotes the associated geometric conjugacy class in G ad . This implies a). For b), we note that products in the group result in products of the corresponding schemes (5.6) compatibly with L, cf. [PZ13, §9.1.2]. Similarly for Weil restrictions which is treated in [PZ13, (9.19) ff.]. Note that unramified extension of scalars lead to products in geometric generic and special fibers whereas ramified extensions of scalars can be absorbed into the field extension K/F by enlarging K.
For c), let G 1 be absolutely simple, adjoint and denote by G 1,sc → G 1 the simply connected group. As in (5.5) this gives a map on Beilinson-Drinfeld affine Grassmannians, and invoking Corollary 2.2 again, we get an isomorphism ⊂ Gr G ⊗ F E inside the affine Grassmannian which is a (geometrically irreducible) projective E-variety. As in mixed characteristic above (see [Zhu14, Ri16] ), the local model (or global Schubert variety) M {µ} = M (G, G f , {µ}, t) is the scheme theoretic closure of the locally closed subscheme
By definition, the local model is a reduced flat projective O E -scheme, and equipped with an embedding of its special fiber where the target is defined as in (5.10) using the O F -group scheme GL(V). Also we L det be the determinant line bundle on the target, and denote by L := ad * (L det ) its pullback. Let LF (resp. Lk) denote the restriction of L to the geometric generic (resp. geometric special) fiber Gr G,F = Gr G,F (resp. Gr G,k = Fℓ G,f ⊗ kk ). The rest of the argument is the same as in mixed characteristic above using the following lemma. Proof. The proof relies on Theorem 2.1 and the Coherence Conjecture [Zhu14] , and proceeds in the same steps as in Lemma 5.1. The restriction on the group G is a little milder in equal characteristic due the existence of local models for any, possibly wildly ramified, reductive group. 5.3. Proof of Corollary 2.5. We treat mixed and equal characteristic by the same argument, so that now the local field F is either a finite extension of Q p or isomorphic to k F ((t)). Let (G, {µ}, G f ) be as in §2.2 where the reductive group G is defined over F . As in (5.5) above, the map to the adjoint group G → G ad induces a map of O E -schemes on local models
where {µ ad } denotes the geometric conjugacy class in G ad induced by {µ}, and E/F (resp. E ad /F ) denotes the reflex field of {µ} (resp. {µ ad }). Note that E ad ⊂ E is naturally a subfield. To show that (5.11) is an isomorphism, it is, by the fibral isomorphism criterion [SGA I, Exp. I.5, Prop 5.7], enough to show that (5.11) is an isomorphism on geometric fibers. As argued in (5.5), the map (5.11) is on geometric generic (resp. geometric special) fibers the canonical map of Schubert varieties (resp. union of Schubert varieties) on usual affine Grassmannians overF (resp. usual twisted affine flag varieties overk). Here we have used Theorem 2.3 to control the geometric special fibers of (5.11). Thus the corollary is a consequence of Corollary 2.2.
6. Cohen-Macaulayness of local models 6.1. Recollections on Frobenius splittings. Let X be a scheme in characteristic p > 0, and denote by F = F X : X → X its absolute p-th power Frobenius. The scheme X is called Frobenius split if the map O X → F * O X splits as a map of O X -modules. In this case a splitting map ϕ : F * O X → O X is called a Frobenius splitting. Also recall the following notions.
Definition 6.1. Let X be Frobenius split. i) We say X splits compatibly with some closed subscheme Z = V (I) ⊂ X if there exists a splitting ϕ : F * O X → O X such that ϕ(F * I) ⊂ I. ii) We say X splits relative to some effective Cartier divisor D ⊂ X if the composition O X → F * O X ֒→ F * O X (D) splits as a map of O X -modules.
Lemma 6.2. Let X be Frobenius split, and let D ⊂ X be an effective Cartier divisor. If X splits compatibly with D, then X splits relative to (p − 1) · D. In this case, X splits relative to D. i.e., X splits relative to (p − 1) · D. The last assertion is immediate from the factorization O X → F * O X (D) ֒→ F * O X ((p − 1) · D). Remark 6.3. If X is a smooth variety over an algebraically closed field, then the converse to Lemma 6.2 holds. Namely, X splits compatibly with D if and only if X splits relative to (p − 1) · D. This is stated in [BK05, Thm. 1.4.10], but we do not need this sharper result.
Lemma 6.4. Let X be Frobenius split compatibly with closed subschemes Z 1 , Z 2 ⊂ X. Then each Z i , i = 1, 2 is Frobenius split compatibly with Z 1 ∩ Z 2 .
Proof. For i = 1, 2, let Z i = V (I i ) and let ϕ be a splitting with ϕ(F * I i ) ⊂ I i . This automatically induces splittings on each Z i , and it is elementary to see that ϕ(F * (I 1 + I 2 )) ⊂ I 1 + I 2 . Since V (I 1 + I 2 ) = Z 1 ∩ Z 2 , the lemma follows.
Proposition 6.5. Let X be Frobenius split and locally of finite type over a field (or a Dedekind domain), and let D ⊂ X be an effective Cartier divisor. If X splits relative to D and X\D is Cohen-Macaulay, then X is Cohen-Macaulay.
Proof. This is [BS13, Ex. 5.4], and the following proof was communicated to us by K. Schwede 6 . We have to show that all local rings O X,x for x ∈ D are Cohen-Macaulay. Without loss of generality we may assume that X = Spec(R) where (R, m) is a Noetherian local ring and D = V (f ) for some non-zero divisor f ∈ m. By [StaPro, 0AVZ], we have to show that the local cohomology H i m (R) vanishes for i = 0, . . . , d − 1, d := dim(R). Our finiteness assumptions on X imply that R admits a dualizing complex (cf. [StaPro, 0BFR] ) so that Lemma 6.6 below applies. Hence, there exists an N > > 0 with f N · H i m (R) = 0 for all i = 0, . . . , d − 1. By [BS13, Lem. 5.2.3], there exists for any e ∈ Z ≥1 a splitting of the composition (6.1) R −→ F e * R As we already know that M \M k = M E is Cohen-Macaulay, we can now apply Proposition 6.5 to conclude that M (and hence M k = A(G, {µ})) is Cohen-Macaulay. It remains to identify the dualizing sheaf on the local model. 
